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The pion structure in Minkowski space is described in terms of an analytic model of the Bethe -
Salpeter amplitude combined with Euclidean Lattice QCD results for the running quark mass.
In the present work, a pion model previously proposed, which allows for a Nakanishi integral
representation, is studied in order to verify the sensitivity of the pion electromagnetic form factor
to small variations of the quark self-energy. In addition, we extend the previous work, providing
the Nakanishi integral representation for the invariants associated with a decomposition of the
pion Bethe-Salpeter amplitude.
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1. Introduction
In the present work, we extend the previous study performed in [1] to test the sensitivity of
the pion observables to the model parameters, and, check the limitations of the model presented
with the original parameters. The model is built to fit the quark propagator in the space-like region
obtained by Lattice QCD calculations in the Landau gauge (see the reference [1] for details), also
the analytical model preserves the Lorentz invariance. The results from Lattice calculations used
here, have two degenerate light quarks, u and d, and, the heavy quark s [2, 3].
The quark model propagator is given by SF(k) = ıZ(k
2)
[
/k−M(k2)+ ıε]−1. Using that the
pion is very close to the chiral limit, as a simplification, we not considere the momentum depen-
dence of the quark wave function renormalization factor, i.e, Z(k2) = 1. Then, the model for the
dressed quark propagator is written as SF(k) = ı(/k+M(k
2))
(
k2−M2(k2)+ ıε)−1 .
The running quark mass model in the space-like region fits lattice calculations [1, 2, 3], and it
is parametrized by the expression,
M(k2) = m0−m3
[
k2−λ 2+ iε]−1 , (1.1)
where m0 = 0.014GeV, m = 0.574 GeV and λ = 0.846GeV, which we name initial parameter
set (IP) [1]. In the chiral limit, where the current quark mass vanishes, the scalar part of the self-
energy gives the invariant associated with the pseudoscalar component of the pion-quark-antiquark
vertex. In this way, the present model incorporates effects from quark dressing and dynamical
chiral symmetry breaking.
The quark propagator can be written in a factorized form, after solving m2i =M
2(m2i ):
SF(k) = ı
(
k2−λ 2)2 (/k+m0)− (k2−λ 2) m3
∏i=1,3(k
2−m2i + ıε)
, (1.2)
where for the parameter set given above, only real poles at the positions,
m1 = 0.371 GeV, m2 = 0.644 GeV, and m3 = 0.954 GeV,
are found. The propagator in the form
SF(k) = ı
[
A(k2)/k+B(k2)
]
. (1.3)
has for the self-energies:
A(k2) =
(
k2−λ 2)2
∏i=1,3(k
2−m2i + ıε)
, B(k2) =
(λ 2− k2)m3
∏i=1,3(k
2−m2i + ıε)
+ A(k2)m0, (1.4)
We can make for A(k2), the decomposition below,
(
k2−λ 2)2
∏i=1,3(k2−m2i )
=
3
∑
i=1
Di(
k2−m2i
) , (1.5)
and solving for D′s with the IP set, one gets:
D1 = 1.4992, D2 =−0.594098 and D3 =−0.0949811. (1.6)
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Figure 1: The running quark mass as a function of the momentum p, with the parameters from the previous
work [1] compared to the results from the parameters variations. Also, in the figure are shown the LQCD
results [3] and and the parametrization given in Ref.[2] .
Now, we must decompose B(k2) from Eq.(1.4) in the same way as above,
k2m3−λ 2m3
∏i=1,3(k
2−m2i )
+A(k2)m0 =
3
∑
i=1
Dim0−Ei(
k2−m2i
) , (1.7)
and we find the following solution for the E ′s:
E1 = 0.42401285, E2 =−0.331377 and E3 =−0.07863548 .
The spectral decomposition for A(k2) and B(k2) reads,
A(k2) =
∫ ∞
0
dµ2
ρA(µ
2)
k2−µ2+ ıε , B(k
2) =
∫ ∞
0
dµ2
ρB(µ
2)
k2−µ2+ ıε , (1.8)
with the spectral densities given by,
ρA(µ
2) =− 1
pi
Im [A(µ2)] and ρB(µ
2) =− 1
pi
Im [B(µ2)]
which, in principle, for a non-confining theory should obey the positivity constraints for the Källen-
Lehman (KL) representation, Pa = ρA(µ
2)≥ 0 and Pb = µ ρA(µ2)−ρB(µ2)≥ 0 .
We can write the function A(k2), as,
∫ ∞
0
dµ2
ρA(µ
2)
k2−µ2 =
3
∑
i=1
Di
k2−m2i
=
3
∑
i=1
∫ ∞
0
dµ2
Di δ (µ
2−m2i )
k2−µ2 (1.9)
which leads to:
ρA(µ
2) = D1δ (µ
2−m21)+D2δ (µ2−m22)+D3δ (µ2−m23). (1.10)
and also
∫ ∞
0
dµ2
ρB(µ
2)
k2−µ2 =
3
∑
i=1
Ei
k2−m2i
=
3
∑
i=1
∫ ∞
0
dµ2
Ei δ (µ
2−m2i )
k2−µ2 , (1.11)
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which has a spectral density given by:
ρB(µ
2) = E1δ (µ
2−m21)+E2δ (µ2−m22)+E3δ (µ2−m23) + m0ρA(µ2) . (1.12)
We observe that the parametrization of the quark self energy leads to a violation of the positivity
constraints.
The pion Bethe-Salpeter amplitude (BSA) of this model can be written in terms of the Nakan-
ishi integral representation (NIR) [4, 5]. The pion-quark-antiquark vertex denoted by Γpi(k,P) has
the general form below,
Γpi(k;P) = γ5[ıEpi(k;P)+/PFpi(k;P)+ k
µPµ /kGpi(k;P)+σµνk
µPνHpi(k;P)] , (1.13)
Considering the chiral limit, we have for BSA model the structure below:
Ψpi(k;P) =−
[
A(k2q) /kq+B(k
2
q)
] N γ5m3
k2−λ 2+ ıε
[
A(k2q) /kq+B(k
2
q)
]
(1.14)
where kq = (k+P/2), kq = (k−P/2) and Eq.(1.3) for the quark propagator. In order to obtain the
integral representation of the BSA model, we use Feynman’s parameterization, elaborated in the
identity below:
1
[(k+ p
2
)2−µ ′2+ ıε ][k2−λ 2+ ıε ][(k− p
2
)2−µ2+ ıε ] =
=
∫ ∞
0
dγ
∫ 1
−1
dz
F (γ ,z ;µ ′,µ ,M)
[k2+ zk ·P+ γ + ıε ]3
, (1.15)
where
F (γ ,z ;µ ′,µ) ≡ 2 θ(1+ z−2α) θ(α − z) θ(1−α) θ(α)|2λ 2+M2/4−µ ′2 −µ2| , (1.16)
and
α(γ ,z ;µ ′,µ) =
γ− z(µ2−λ 2−M2/4)+λ 2
2λ 2+M2/4−µ2−µ ′2 . (1.17)
The BSA from Eq.(1.14) can be decomposed in terms of the Dirac operators,
Ψpi(k;P) = γ5 χ1(k,P)+ /kq γ5 χ2(k,P)+ γ5 /kq χ3(k,P)+ /kq γ5 /kq χ4(k,P) =
=−A(k2q) /kq
m3N γ5
k2−λ 2+ ıε A(k
2
q) /kq−A(k2q) /kq
m3N γ5
k2−λ 2+ ıε B(k
2
q)
−B(k2q)
m3N γ5
k2−λ 2+ ıε A(k
2
q) /kq−B(k2q)
m3N γ5
k2−λ 2+ ıε B(k
2
q), (1.18)
and the invariants χi(k,P) can be written with the Nakanishi integral representation (NIR), with
weight functions determined analytically as shown in the following.
In order to obtain the invariants, χi(k,P), we introduce A(k
2
q), B(k
2
q), A(k
2
q) and B(k
2
q) in
Eq.(1.18), that leads to:
χi(k,P) =
∫ ∞
0
dµ ′2
ρ(A,B)(µ
′2)
[(k+ P
2
)2−µ ′2+ ıε ]
m3(−N )
[k2−λ 2+ ıε ]
∫ ∞
0
dµ2
ρ(A,B)(µ
2)
[(k− P
2
)2−µ2+ ıε ] . (1.19)
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One can write the scalar functions, χi(k, p), with NIR as:
χi(k,P) =
∫ +∞
−∞
dγ
∫ 1
−1
dz
Gi(γ ,z;M)
[k2+ zk ·P+ γ + ıε ]3
, (1.20)
and after replacing the spectral densities, ρA and ρB, and integrating over the Dirac delta’s in
the χi’s, we obtain the weight functions:
G1(γ,z;P) = −m3N ∑
i, j
(Ei+m0Di)(E j+m0D j)Fi j, G2(γ,z;M) =−m3N ∑
i, j
Di (E j+m0D j) Fi j,
G3(γ,z;M) = −m3N
3
∑
i=1
3
∑
j=1
(Ei+m0Di) D j Fi j, G4(γ,z;M) =−m3N
3
∑
i=1
3
∑
j=1
Di D j Fi j , (1.21)
where 1 ≤ i,≤ 3 j and Fi j are lengthy functions computed with the help of Eq. (1.16), which will
be presented elsewhere.
The light-front projection of Eq. (1.20) is the basic ingredient to obtain the valence wave
function:
Ψi(z,~k⊥) =
P+√
2
z(1−z)
∫ +∞
−∞
dk−
2pi
χi(k,P) =
i
8
√
2
(1−z2)
∫ ∞
−∞
dγ
Gi(γ ,z,P)
[−z2M2
4
−|~k⊥|2− γ ]2
, , (1.22)
where z=− 2k+
P+
and we have choosen ~P⊥ = 0.
In relation to the the previous work [1], we allowed a variation of the model parameters, to
check the robustness of the predictions for the the pion electromagnetic form factor allowing some
change in the quark mass function as the basic input from LQCD calculations. Such variations
gives also an idea of what to expect in terms of theory uncertainties when comparing with the
forthcoming data from the TJLAB laboratory (12 GeV upgrade TJLAB) for energies above their
first results [6].
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Figure 2: The pion electromagnetic form factor calculated with the model from [1], compared with the
experimental data. The band represents results obtained from a ±20 % variation of the parameters.
In the present work, the pion space-like electromagnetic form factor is calculated with a quark
electromagnetic current operator that satisfies the Ward-Takahashi identity to ensure current con-
servation [1]. For the original set of parameters we have a good agreement with the experimental
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electromagnetic radius for the pion, r
Exp.
pi = 0.659±0.004 [ fm], and also, for the weak pion decay
constant, f
Exp.
pi = 90.276±0.0707[MeV ] (PDG [11]). The new results for the pion electromagnetic
form factor shown in Fig.(2), electromagnetic radius and the weak decay constant, are found to
be consistent with the experimental data [7, 8, 9, 10, 11], taking into account a 20 % variation for
the model parameters. The resulting band encodes the present experimental data and provides an
estimation of the expected error in the prediction of the form factor for large momentum transfers.
Also, in the present work, we sketch the derivation of the Nakanishi weight functions of the model,
which will allow to investigate the effect of the quark self-energy in these functions preparing the
basis for more refined approaches.
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